If the initial temperature is assumed to be constant, the boundary element method (BEM) does not need a domain integral in unsteady heat conduction problems without heat generation. However, under heat generation or nonuniform initial temperature distribution, the domain integral is necessary. This paper shows that the two-dimensional problems of unsteady heat conduction with heat generation and initial temperature can approximately be solved without the domain integral by the improved multiple-reciprocity boundary element method. In this method, the domain integral in the each step is divided into point, line and area integrals.
Introduction
The heat conduction problem in the unsteady state without heat generation and initial temperature distribution can be solved easily by boundary element method (BEM). When the analysis of heat conduction under arbitrary heat generation or initial temperature within the domain is treated by the boundary element method, generally the domain integral becomes necessary. However, by this method the merit of BEM, in which the preparation of data is simple, is lost. On the other hand, several couterplans are considered. For example, Nowak and Brebbia have proposed the multiple-reciprocity method*' *. Ochiai, Sekiya and Ishida have proposed a method using the cells of boundary type"'*.
In the multiple-reciprocity method, the heat generation and the initial temperature distribution must be given analytically, the fundamental solutions of higher order are used to make the solution converge. Accordingly there are some problems for the practical unsteady heat con-duction analyses with internal heat generation or initial temperature in the domain. On the other hand, Ochiai and Sekiya have proposed the improved multiple-reciprocity boundary element method for steady thermal stress problem*'®. Using this method, the solution of high accuracy may be obtained only by using the fundamental solutions of lower order and by saving the trouble of preparation of the data. In this method, the domain integral in the each step of multiple-reciprocity method is divided into point, line and area integrals. This paper is concerned with the extension of the the improved multiple-reciprocity boundary element method to the unsteady heat conduction problems. In this method, the heat generation and the initial temperature distribution are interpolated using the boundary integral equation*' *.
2 Basic equations 2.1 Heat conduction In unsteady heat conduction problems, the temperature T under an arbitrary heat generation W is obtained by solving the following equation:
?'? + % = where A, /c and t are the thermal conductivity, thermal diffusivity and time, respectively. Denoting an arbitrary time, the heat generation and the initial temperature by T, W(q,r) and T°(q), respectively, the boundary integral equation for the temperature in the case of unsteady heat conduction problems is given by * cT(P,t)=-,!M or d n Ti*(Q,P,t,r)]drdr + ATA-1J 1 Ti*(q,P,t,r )W(q,r)dQdr 0 Q Q Ti + (q,P,t,T)T°(q)dO (2) where on the smooth boundary c=0.5 and in the domain c=l. The notations F and Q represent the boundary and the domain. The notation p and q become P and Q on the boundary. In the case of the two-dimensional problems, the fundamental solution Ti*(p,q,t,r) in eqn (2) for the unsteady temperature analyses and its normal derivative are given by Ti*(q,p,t,r )= A-TT rl\-r \ exp(-a)
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where Notation r represents the distance between the observing point p and the loadingpoint q. As shown in eqn (2), when there exits an arbitrary heat generation W(q) or an arbitrary initial temperature distribution in the domain, the domain integral becomes necessary. Therefore, we use the improved multiple-reciprocity boundary element method.
Interpolation
An interpolation method for the heat generation and the initial temperature distribution is shown using the boundary integral equation. First, the heat generation is considered. Representing the heat generation W in eqn (2) as Wi and the distribution of heat generation as Wsi removing the point heat source W?i, line heat source WLI and double layer source WDI, the following equation is given:
On each stage of multiple-reciprocity method
are assumed. Moreover, considering that the higher order terms in the multiple-reciprocity theorem become negligible, Wsi may be assumed to satisfy the following equation approximately:
From eqns (6)~(10), Wsi can be expressed by
where sgn() is the sign function. Similarly, representing the initial temperature T° in eqn (2) as T%, the initial temperature can be written by
On the other hand, the polyharmonic function Tf*(P,Q,t,r) in the un-steady problem is defined by V*Tf+i*(p,q,t,r)=T,*(p,q,t,r)
Let the number of the point heat source be M and the shape of line heat source Wi,f be PL. Using Green's theorem, eqn (2) becomes f t f A T*CO P t T } cT(P,t)=-*S I [T(Q,r).
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In order to interpolate the heat generation and the initial temperature distribution by using boundary integral equation, the harmonic function Ti(P,Q) in the steady state is used as follows:
Moreover, the polyharmonic function Tf(P,Q) in the steady state is defined by
On the other hand, the quantity of heat generation Ws i is given by Green's theorem and eqns (6)^(11) as follows:
Moreover, Wsf(f>l) in eqns (7)~ (11) is similarly given by
The integral equation for the initial temperature T° can be obtained similarly.
Polyharmonic function
The polyharmonic function Tf in two-dimension is obtained as
Tf=l -[ 1 rTf-idr]dr (19) r
The polyharmonic function Tf in two-dimensional problems in the steady state and its normal derivative are generally given by
where (2f )! !=2f (2f-2)---4-2.
The polyharmonic function Tf in the unsteady state and its normal derivative are generally given by ln(a)+C]
Ta'(Q,P,t,r)= --{Ei(a) + ln(a)+C
where Ei() is the exponential integral function and C is Euler' s constant.
Generally, it is difficult to obtain the analytical solution of eqns (14) and (18). Therefore, the numerical solutions are obtained by using the interpolation functions for time and space. If the constant time interpolation and time step(tf-tf-i ) are used, the time integral can be treated analytically. The time integrals for T* are given as follows:
Therefore it becomes clear that the temperature analysis without the domain integral is possible, provided that the quantity of heat generation Wi and initial temperature T° satisfy eqn (11) and (12) respectively in the domain. In practice Wi and T% are given, but %2~Wf and T°2~T°f in eqn (14) and their normal derivatives are not given usually.
Example of interpolation
In the multiple-reciprocity method, the fundamental solution of higher order is used, but the use of the higher order (or infinite order) solution includes practically some problems. Therefore a method calcu-lating approximately by the fundamental solution of lower order will be shown. For the easy understanding, Y-2 is assumed and the constant elements are used. The lower index P concerns with W? . Replacing Wsf and <?Wsf/<9n by vectors Wf and Vf respectively and discretizing eqn (17), we obtain (32) where Hi, Gi, H 2, G 2 and G ?2 are the matrices with the following elements:
As the case of ¥-2 is considered, ¥2 is obtained by eqn (18) as follows:
where GPI is a matrix with following elements:
Moreover, making the use of the quantity of heat generation W(p?), we obtain
where Ha, Ga, H 4 , G 4 and GPS are the matrices with following elements:
Assuming that Wz = 0 , the following equation is obtained by eqns (32), (38) and (40):
From eqn (46) we can obtain Vi, V\ and W?2. Using the constant elements and Ni internal points and dividing the boundary into No elements, the simultaneous linear algebraic equations with (2No+Ni) unknowns must be solved. Similarly, the equation using the contour lines and the equation for T°r can be deduced.
Numerical Examples
In order to assure the accuracy of the present method, temperature in square region with side length L=180mm as shown in Fig.l is obtained. The initial temperature is assumed to be 0 °C, and the heat generation for the time t>0 is given by
The heat generation is interpolated using internal points as shown in Fig.l . The comparison of the given heat generation with the interpolated values is shown in Fig.2 . The temperature distribution, in the case of Wo/A=0.1°Cmm~* and thermal conductivity A: = 16mmVs, is given in Fig. 3 , where the solid lines show the exact solutions. Next, as an example for which the accurate solution is rather difficult to obtain, the temperature distribution in a circular region as shown in Fig.4 is obtained. The heat generation for the time t>0 is given by
The given heat generation is interpolated using the internal points as shown in Fig.4 . The comparison of the given heat generation with the interpolated values in the case of L=90mm is shown in Fig.5 . The temperature history at the center in the case of Wo/ A=0. l°Cmm~* and thermal conductivity Ar=16mmVs is shown in Fig.6 .
Conclusion
Improving the multiple-reciprocity boundary element method, it has been shown that it is possible to express the distributions of heat generation and initial temperature only using the fundamental solution of lower order. It has also been shown that the unsteady heat conduction analysis of high accuracy using the boundary integration only is possible by means of the polyharmonic function even in the case of an arbitrary distributions of heat generation and initial temperature. Accordingly, only adding the data of the contour lines or the values for internal points for the distributions of heat generation and initial temperature, the analysis for the distributions of heat generation and initial temperature has become possible by using a few data.
